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Abstract

This paper investigates the existence of strong Nash equilibria (SNE) in continuous and
convex games. We show that the concavity and an additional condition on payoff functions,
together with the compactness of strategy space, permit the existence of strong Nash equilib-
ria. These conditions are satisfied in many economic games and are quite simple to check.
We also characterize the existence of SNE by providing a necessary and sufficient condi-
tion. Moreover, we suggest a procedure that can be used to efficiently compute strong Nash
equilibrium. The result is illustrated with an application to an economy with multilateral
environmental externalities and to the simple oligopoly static model.
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1 Introduction

The concept of Nash equilibrium introduced by Nash [1951] is probably the most important be-
havioral solution concept in game theory. It is based on the idea of stability against any unilateral
deviations. Nevertheless, Nash equilibrium has several important shortcomings. The most severe
one is that many games have multiple equilibria, and players may not be clear about which one to

focus on.! This leads to a selection problem. Many refinements, which can be used to separate
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reasonable equilibria from unreasonable ones, have been proposed, such as the perfect equilibrium
(Selten [1975]), the proper equilibrium (Myerson [1978]), the sequential equilibrium (Kreps and
Wilson [1982]), and more recently the strong Berge equilibrium (Larbani and Nessah [2001]). All
these equilibria are related to one another in varying degrees. But, these refinements characteriz-
ing rational behavior can still include multiple equilibria. In many games, there are opportunities
for joint deviations that are mutually beneficial for a subset of players.

This led Aumann [1959] to propose the idea of strong Nash equilibrium (SNE) which ensures
a more restrictive stability than the Nash equilibrium. A strong equilibrium is defined as a strategic
profile for which no subset of players has a joint deviation that strictly benefits all of them, while
all other players are expected to maintain their equilibrium strategies. Since the deviating coalition
can be a single player or the whole set of players, this implies that a SNE is a Nash equilibrium
and is also weakly Pareto efficient (in the sense that there is no other profile strictly preferred by
all players) among the Nash equilibria. Thus, a SNE is not only immune to unilateral deviations,
but also to deviations by coalitions. We can then consider it as a refinement of Nash equilibrium
which is weakly Pareto efficient.

The SNE has been used to study different noncooperative games as coalition formation (Hart
and Kurz [1983,1984], Bernheim et al. [1987], Chander and Tulkens [1997], Le Breton and
Weber [2005]), congestion games (Hotzman and Law-Yone [1997], Voorneveld et al. [1999]),
voting models (Keiding and Peleg [2001], Brams and Sanver [2006] and Moulin [1982]), net-
work formation (Matsubayachi and Yamakawa [2006]), production externality games (Moulin
and Shenker [1992], Moulin [1994]), and many other economic situations: Abreu and Sen [1991],
Tian [1999,2000,2003], Suh [1996,1997,2001,2003], Shin and Suh [1996], Hirai et al. [2006],
Konishi er al. [1997a,1997b,1997¢], Ma [2002], Milchtaich [1996], Yoshihara [1999], Nishihara
[1999], Perry and Reny [1994], Ray [2001], Savvateev [2003], Slikker [2001], Voorneveld and
Grahn [2002], Yi [1999] and Young [1998]. These series of examples reveal the explanatory
power of such equilibrium concept.

However, the existence of strong Nash equilibrium is a problem. These contributions are
also paradoxical since there does not exist a general theorem which establishes clear existence
conditions for the SNE. Ichiishi [1981] introduced the notion of social coalitional equilibrium and
proved its existence under a set of assumptions of a society>. The concept of social coalitional
equilibrium extends the notion of social equilibrium introduced by Debreu [1952], to prevent
deviations by coalitions. It can also be specialized to the strong Nash equilibrium. Then, the

sufficient conditions for the existence of social coalitional equilibria are also sufficient for the

2Given a finite set of agents N, a society is a list of specified data ({X7}jen, {S® Yoep, {ul }iccep.S)-



existence of strong Nash equilibria. However, an assumption (Assumption 4) in Ichiishi [1981] is
very hard to verify. 3 There are also several other studies on the existence of strong Nash equilibria
in various specific environments: Guesnerie and Oddou [1981], Greenberg and Weber [1986] in
models with local public goods, Greenberg and Weber [1986,1993] in voting models, Demange
and Henriet [1991], Demange [1994] in industrial organization and location models, and Wako
[1994] in a market with indivisible goods, Ichiishi [1993] in games with non-transferable utility
functions, Konishi et al. [1997a,1997c] in finite games, Konishi et al. [1997b] in games without
spillovers, Hotzman and Law-Yone [1997] and Rozenfeld and Tennenholtz [2006] in congestion
games. Yet, there is no general theorem on the existence of strong Nash equilibria.

In the present paper we fill this gap by proposing some sufficient conditions for the existence
of SNE for general games. We show that the concavity and an additional condition on payoff
functions, together with the compactness of strategy space, permit the existence of strong Nash
equilibria. Unlike the existing results, these conditions are satisfied in many economic games and
are often quite simple to check. We also characterize the existence of SNE by providing a nec-
essary and sufficient condition. Moreover, we suggest a procedure that can be used to efficiently
compute strong Nash equilibrium. Our equilibrium existence results neither imply nor are implied
by the existing results in the literature such as those in Ichiishi [1981].

The remainder of the paper is organized as follows. Section 2 presents the definitions of strong
Nash equilibrium and its properties. Section 3 establishes sufficient conditions for the existence
of a strong Nash equilibrium and provides a method for its computation. Section 4 is dedicated to
an application of the main new result to an economy with multilateral environmental externalities

and the simple oligopoly static model. Section 5 concludes.

2 Strong Nash Equilibrium and Its Properties

In this section, we give the definition of strong Nash equilibrium, its interpretations and some of
its properties.

Consider the following noncooperative game in normal form:
G = (Xi, ui)ier 2.1

where I = {1,...,n} is the finite set of players, X; is the set of strategies of player 7 and u; :

X — R is the payoff function of player i. Denote by X = [][ X the set of strategy profiles of
el

3 Assumption 4: For every 2 € X and for every v € R", if there exists a balanced collection 9 such that for each
C € B there exists yc € Sc(z) for which v; < ul,(z, yc) for every j € C, then there exist P € § and zp € Sp(x)

for every D € P such that v; < u),(x, zp).



the game and u = (uq, ug, ..., uy,) the profile of utility functions.

Let & denote the set of all coalitions (i.e., nonempty subsets of I). For each coalition S € G,
denote by —S = {i € Isuchthati ¢ S} the remaining of coalition S. If S is reduced to a
singleton {7}, we denote then by —i the set of —S. We also denote by Xg = [] X; the set of

€S

strategies of players in coalition S. If { K} Ls}CN is a partition of I, then any strategy profile

je{l,..
x = (21, ...,xy) € X can be written as v = (rx,, Tk,, .., Tk, ) With g, € Xg,.

We say that a game G = (X, u;);cs is compact, convex and continuous, respectively if, for
all 7 € I, X; is compact, convex, and u; is continuous on X, respectively.

We say that a strategy profile * € X is a Nash equilibrium of game (2.1) if,
wi(yi, ;) < ug(x™) Vi€ I, Yy € X

DEFINITION 2.1 (Aumann [1959]) A strategy profile T € X is said to be strong Nash equilib-
rium (SNE) of game (2.1), if V.S € 3, there does not exist any yg € Xg such that

u;i(ys,T-s) > ui(T), Vi€ S. (2.2)

DEFINITION 2.2 A strategy profile T € X of game (2.1) is said to be weakly Pareto efficient if

there does not exist any y € X such that u;(y) > u;(Z) forall i € I.

A strategy profile is a strong Nash equilibrium if no coalition (including the grand coalition,
i.e., all players collectively) can profitably deviate from the prescribed profile. This definition
immediately implies that any strong equilibrium is both weakly Pareto efficient and a Nash equi-
librium. Indeed, if a coalition S deviates from its strategy Tg in some strong Nash equilibrium
T, then it cannot improve the earning of all its players at the same time if the rest of the play-
ers maintain its strategy *_g of . This equilibrium is stable with regard to the deviation of any

coalition.

DEFINITION 2.3 (The Weakly a-Core) A strategy profile T € X is in the weakly a-core of game
G (2.1),if VS € and Vrg € Xg, there exists ay_g € X_g such that

ui(xg,y—s) < ui(x) foratleast some i € S.

A strategy profile 7 is in the weakly a-core if for any coalition S and any deviation zg of Zg,
the coalition of the remaining players (—.S) can find a strategy y_g such as in the new strategy
(xs,y—s), the payoffs of at least one player in coalition S cannot be better than those in the

strategy 7 (for all the players of the coalition .S at the same time).



DEFINITION 2.4 (The Weakly 3-Core) A strategy profile T € X is in the weakly (3-core of game
G (2.1),if VS € S, there exists a y_g € X_g such that for every x5 € Xg,

ui(xs,y—s) < u;(x) for atleast some i € S.

For any coalition S, the coalition of players —S possesses a strategy y_g which prevents all
deviations of the coalition S of the strategy . Thus stability property of an outcome in the weak
(-core is stronger than that of the weak a-core: a deviating coalition S can be countered by the

complement coalition —S even if the players of S keep secret their joint strategy Xg.

DEFINITION 2.5 (The k-Equilibrium) A strategy profile * € X is said to be k-equilibrium (k €
{1,2,...,#1}) of game G (2.1), if for all coalitions S with #S = k, there does not exist any
ys € Xg such that

ui(y57f—s> > ul(f)v ViesS.

No k-players’ coalition can make all these players win at the same time by deviating from the
strategy T.

We deduce the following properties:

1. SNE is a Nash equilibrium. It is sufficient to consider S = {i} in Definition 2.1.
2. SNE is weakly Pareto optimal. It is sufficient to consider S = I in Definition 2.1.

3. SNE is an element in the weakly a-core set. It is sufficient to consider y_g =T _g, VS € &

in Definition 2.3.

4. SNE is an element in the weakly (-core set. It is sufficient to consider y_g =ZT_g, VS € &

in Definition 2.4.

5. SNE is also a k-equilibrium, Vk € {1,2,...,n}. It is sufficient to consider VS € < with
#S = k in Definition 2.1.

The following lemma characterizes the strong Nash equilibrium of the game (2.1).

LEMMA 2.1 The strategy profile T € X is a strong Nash equilibrium of the game G =
(Xi, w;i)ier if and only if for each S € 3, the strategy Tg € Xg is weakly Pareto efficient for

the sub-game (Xg, fi(.,T_s)jes)-

PROOF. It is a straightforward consequence of Definition 2.1. m



3 Existence Results

In this section, we establish some sufficient conditions for the existence of strong Nash equilibria
(SNE). To do so, we use the following g-fixed point Theorem given by Nessah and Chu [2004].

Let us briefly recall this theorem.

LEMMA 3.1 (Nessah and Chu [2004]) Let X be a nonempty compact set in a metric space E, and
Y a nonempty convex and compact set in a locally convex Hausdorff space F'. Let g : X — Y be
a continuous function and C : X — 2¥ an upper hemicontinuous correspondence with nonempty

closed and convex values. Suppose that the following conditions are met:
(a) g(X) isconvexinY;

(b) for each g(x) € 0J9(X), C(x) N Zyx)(g9(x)) # O where Zyx)(g9(z)) =
U #5528+ {g(a)} N Y.
h>0

Then, there exists T € X such that g(T) € C(T).
Let

Ag={As = (A1, Ags) ERFI 1N, >0, Vi=1,...,#S and ZA]» =1}
jeSs

be the unit simplex of R#S (S € <), and let

A:{)\:(As,seg)ix\seAs}, X: HXS.

Ses

Define the correspondence C'g : X_g X Ag — 2Xs by

Cs(w-g,As) = {25 € Xg: sup > Nigui(z_s,ys) < Y _Nisui(z_s,2s)},
ys€Xsics =

and then the correspondence C': X x A — X by
2 Clz,\)={Z=(25,5€Q) € X : 25 € Cg(w_g,\g)}-
Define the function ¢ : X — X by
¢(z) = ((xs) : S €9).
We then have the following lemma.

LEMMA 3.2 Suppose that for all i € I, X; is convex and compact. Then we have:



(a) The function ¢ is continuous on X.

(b) The set p(X) is convex and compact.

PROOF. The continuity of function ¢ is a consequence of its definition and the construction of the
set X. The compactness of the set ¢(X) is a consequence of Weierstrass Theorem. The convexity
of ¢(X) is a consequence of the linearity of ¢, which is easily verified. m

By Lemma 3.1, we can establish the following existence theorem on strong Nash equilibria of

the game G = (X, w)ier-

THEOREM 3.1 Let X;, Vi € I, be a nonempty convex and compact subset of a locally convex
Hausdorff space and u;, i € I, be continuous and concave on X. Suppose there exists A € A such

that for each x € X, there exist z € X and a > 0 such that
azs + (1 —a)zrs € Cs(x_g,Ag), VS € . (3.1
Then, game (2.1) possesses at least one strong Nash equilibrium.

PROOF. We prove step by step that the functions ¢ and C defined by ¢(z) = ((zg) : S € Q)
and C(z,\) ={2=(26:5€9) € X:zg€ Cs(x_g, \s)}, respectively, satisfy the conditions

of Lemma 3.1:

1) Vo € X, C(z,\) # 0. Indeed, for any 2 € X, the function ys — > A su;j(ys, z_s),
jes
S € S is continuous on the compact Xg and by the Weierstrass Theorem, there exists
Zg € Xg such that
max )\j75uj(y5, rT_g) = Z)\jysuj(fg,xﬂg), ie. Zg € Cs(x_g,\g).

ex
YseRsics jes

Hence Z = (Zg, S € §) € C(x, A) and consequently C'(x, \) # ().

2) Vz € X, C(z,\) is convex in X. Indeed, let € X and Z, Z be two elements of C(xz, \)
and 0 € [0, 1]. We want to prove that 6z + (1 — 0)z € C(z, \).
Since z and Z are two elements in C'(x, \), we then have: for each S € J:
max Njsuj(ys, t—g) < Z)\jyguj(ES,x,S)

ex
YseaRsics jes

and
max Y Ajsuj(ys,z—g) < Z)\j,guj(is, T_g).

€x
Ys SjeS jeS



Hence,

max » Ajsu;(ys,r—g) < min g Njsuj(Zs, x_g), E N suj(Zs, x_g)
ys€Xs © °
jES jES JES

The concavity of function u; and the last inequality imply that

ygle%}({s )\j SUj (ys, xr_ S < Z)\jyguj(gzs + (1 — H)ES,xfs), Vo € [O, 1] .
jES JES

Thus, 0z + (1 — 0)z € C(z, \).

3) C' is upper hemicontinuous over X. Note that X is compact, and thus X is compact (Ty-
chonoff Theorem). Thus, to prove that C'is upper hemicontinuous on X, it suffices to prove
that Graph(C) € X x X is closed.

To see this, let (2,2) € Graph(C). Then there exists a sequence {(z?, ZP)},>; in
Graph(C') which converges to (z, 2).
Hence, we have Vp > 1, 2P € C(aP, \), i.e

max » Ajsu;(ys,z’ o) < Z)\jysuj(zg,xgs), VS e S
us€Xsies jes

Then, by the continuity of functions u;, as p — oo, we have

max A Suj(yg,x 5 < Z)\j,suj<25,x_5), VS es
ysEXs S jes

ie, z € C(z,\), hence (x,z) € Graph(C) which means that Graph(C) is closed in

X x X. Thus the function C is upper hemicontinuous on X.

4) For each qb(x) € 09(X), Clz,\) N Zyx)(op(x) # 0 where Zyxy(d(z)) =
U fo)| 0 X = [ U0 6T e X+ {8} 0 %, Lt
x € X such that ¢(z) € 9¢p(X). h/igcording to Condition (3.1) of Theorem 3.1, we
have 3z € X and Ja > 0 such that azg + (1 — a)zg € Cg(r_g,\s), VS € 3. Thus,
dlaz + (1 — a)z) = ag(z) + (1 — a)qb(:(:) € C(z,\) (because ¢ is linear). Since
alé(z) — d(x)] € AITEEE ¢ Y ARSI then ag(z) + (1 - a)é(x) = al(z) —
¢(2)] + d(x) € Zy X)(qﬁ(w))- The}glgore, a(ﬁ(Z) (1 —a)p(x) € C(z,A) N Zy(x)(d(2)),
ie. C(x,\) N Zyx) (o)) # 0.

From 1)-4), we conclude that the correspondence C' satisfies all conditions of Lemma 3.1. Con-

sequently, 37 € X such that ¢(z) € C(%,\), ie., VS € &, Ts € Cg(T_g,As). Therefore,
VS € &, Vyg € Xg, we have:

Z)\Lsuj(ys,f_s) < Z)\j,SUj(f&f—S) = Zx\jﬁuj(f). (3.2)
jeS JES JES



Now we prove that VS € &, Tg is weakly Pareto efficient to the sub-game
(Xs,uj(.,T-5)jes)-
Suppose that 35Sy € < such that g, is not weakly Pareto efficient to the sub-game

(X5, uj(.,T—5,)jes,)- Then, there exists yg, € Xg, such that:
Vj € So, uj(¥sy, T—s,) > uj(T). (3.3)

System (3.3), together with A € A implies that > \j su;(¥s,, T—s,) > »_ Ajsu;(Z). This
JE€So J€So

contradicts inequality (3.2) for S = Sp and ys = yg, in (3.2). Hence T g is weakly Pareto efficient

to the sub-game (Xg,u;(.,T_g)jes), V'S € 3, and consequently, by Lemma 2.1 it is a strong

Nash equilibrium. The proof is completed. m
EXAMPLE 3.1 Consider a game withn = 2, [ = {1,2}, X; = [1/3,2], X2 = [3/4, 2], and

up(v) = —22 + 29 + 1,

ug(w) = o1 — 23 + 1.

Since X is compact and convex and payoff functions are continuous and concave on X, we
only need to show that the condition in (3.1) is also satisfied so that we know there exists a strong
Nash equilibrium. To see this, let z = (z1,22) and & = {{1},{2},{1,2}}. Then there exists
A=(1,1,(0.6,0.4)) such that:

1) for S = {1} and Ag = 1, we have max u1(y1,22) = max (—y3 + 9 + 1) = —(1/3)% +
y1€X1 y1E€X1

xo + 1.

2) for S = {2} and \g = 1, we have max ug(x1,y2) = max (v1 —y5+1) = z1—(3/4)*+
y2€X2 y2€ X2

3) for S = {1,2} and A\g¢ = (0.6,0.4), we have max [0.6ui(y1,y2) + 0.4ua(y1,y2)] =

(y1,92)€X
( ma)xX[—o.tSyf + 0.4y — 0.4y2 + 0.6y2 + 1] = [-0.6(1/3)% +0.4(1/3) — 0.4(3/4)2 +
Y1,Y2)€
0.6(3/4) + 1].

Thus, for all x € X, there exist z = (1/3,3/4) € X and a = 1 such that
azs + (1 —a)xg € Cs(x_g,Ag), VS € &
Therefore, by Theorem 3.1, the game has a strong Nash equilibrium.

In the following, we characterize the existence of strong Nash equilibria by providing a nec-

essary and sufficient condition. To do so, define a function F : X x A X X —R by

F(z,\y) = ZZ/\{WOU s, Ys) — ui(w)},

SeS €S



where X = J] Xg.
Se
Note that, by the definition of f, we have

Ve e X, VA e A, maxf (z,\,y) > 0. (3.4)
yeX
Indeed, for z € X and A € A, letting J = ¢(z) = (x5, S € I),* we have [ (z,),7) = 0, and
consequently, maxf (z, A, y) > 0 for V(z,A) € X x A.
We then hayvee)ihe following theorem.
THEOREM 3.2 Suppose that X;, Vi € 1, is a nonempty convex and compact subset of a locally

convex Hausdorff space, the function u;, Vi € I, is continuous and strictly concave on X. Let

a = min min maxfF (z, A, y).
AeA zeX HeX

Then, the game (2.1) has at least one strong Nash equilibrium if and only if o = 0.

PROOF. Sufficiency. According to Assumption of Theorem 3.2, for all x € X and A € A the

maximum of the function F (x, A, .) over X and m1)r(1 {\mﬁ maxF (x, A, ) exist.
€X XEA je

Suppose that « = 0. Since the functions = — [ (z, A, y) and A — [ (z, A, y) are continuous
over compact X and A, respectively, then Weierstrass Theorem implies there exist T € X and

A € A such that o = maxf (T, ),y) = 0, and this equality implies Vg € X , F (@, \Y) =
yeX

> Y dis{ui(T_s,ys) —ui(T)} <0.

SeF ies N
For any arbitrarily fixed S € &, we have Vy € X,

(T, N\, 9) Z)\ZS{UZ (T_s,ys) —ui(T)} + Z ZXLS{UZ‘(E—KvyK)_Ui(E)} <0.

€S KeS,K£S ieK

For y € X such that yg is arbitrarily chosen in Xg and yx = ZTg,VK # S, we have

> S Ns{ui(T-k,yx) — uwi(Z)} = 0. Then, from the last inequality, we deduce that
KeS K#S icK

Vys € Xg, Yo Nisui(T—g,ys) < > A sui(T). Since S is arbitrarily chosen in S, then
€S €S

Vys € Xo, > Nisti(T-g,ys) < Y Nigui(T), VS € S (3.5)
€S €S

Now we prove that VS € &, xg is weakly Pareto efficient for the sub-game
(Xs,ui (., T-3)jes)-
Suppose that 35y € < such that Tg, is not weakly Pareto efficient for the sub-game

(X0, uj(.,T—3,)jes,)- Then, there exists ¥, € Xg, such that:

Vi € So, u;(Ysys T-s,) > uj(T). (3.6)

*The function ¢ is defined on page 6.

10



System (3.6) implies that > Aj 5,1 (Usy, T—so) > > Njsous(T) s, > 0and Y Ajg, =
JESo JE€So J€So

1). This contradicts inequality (3.5) for S = Sp and ys = yg, in (3.5). Hence, Tg is weakly Pareto

efficient for the sub-game (Xg,u;(.,T_5) ecs), VS € 3. Consequently, by Lemma 2.1, Tg is a

strong Nash equilibrium. This proves the sufficiency.

Necessity: We will use the following result.

LEMMA 3.3 (Moulin and Fogelman-Soulié [1979] pp 162) Suppose that X is convex in a vec-
torial space and the functions u;, © € I, are concave on X. Then, T € X is a weakly

Pareto efficient strategy profile of the game (2.1) if and only if there exists A € Ay such that

sup YA ui(y) = > Ni rui(7).
yeXiel el

Let z € X be a strong Nash equilibrium of the game (2.1). According to Lemma 2.1, Zg
is weakly Pareto efficient to the sub-game (Xg, u;(.,7_g);cs), VS € 3. Since X;, 7 € I, is a
nonempty convex and compact set and u;, ¢ € I, is continuous and strictly concave on X, then

according to Lemma 3.3, there exists Ag € Ag suchas max > \; s{u;(T_g,ys) —u;(Z)} =0,

ys€Xsics
VS € . This equality implies:
max/ (Z, A, 7) = 0.
yeX
Thus, we have:
o = min min maxf (z, \,y) < maxf (z,\,7) = 0. (3.7

zeX AeA gpeX geX
Inequalities (3.4) and (3.7) imply a = 0. This proves the necessity. m
Theorem 3.2 actually provides a method of finding a SNE of game (2.1) under certain condi-

tions (see Figure 1).

Suppose that all the conditions of Theorem 3.2 are satisfied.

Step 1. Calculate the value & = min min max/f (x, \, ).
TeX A€A gHeX

Step 2.
If « > 0, then the game G = (X, u;);cs has no SNE.
If o = 0, then the strategy profile Z € X such that min max/ (Z, A, y) = 0 is a SNE of the

)\EA ’y\GX
game G = (XZ', ui)ig.

Figure 1: Procedure for the determination of a SNE

By relaxing the strict concavity of function u;, we obtain the following proposition.

11



PROPOSITION 3.1 Let X;, Vi € I, be a nonempty compact subset of a topological space, and

the functions u;, Vi € I, be continuous on X. Define the function o : A — R by

a(A) = min maxf (z, A, ). (3.8)

If there exists X € A such that a()\) = 0, then the game (2.1) possesses at least one strong Nash

equilibrium.
PROOF. It is the same as that sufficiency in the proof of Theorem 3.2. m

EXAMPLE 3.2 Let us again consider Example 3.1. In this case, X = X1 X X9 x (X7 x Xo),
y = (a,b,(c,d)) € X1 x Xo x (X1 x X9)and z = (u,v). Let A\ = (1,1,(0.6,0.4)). Then,

eX yeX ye
[0.6(uyi(c,d) — ul(u, v)) +0.4(uz ) uz(u,v))]} = mi)r(l max{—a? —b?+ (—0.6¢*> + 0.4c) +
TEX peX

we have o, = mln maxF (z,\,y) = mln ma}:;({[ul(a ,0) — uy(u,v)] + [u2(u,b) — ua(u,v)] +
(¢,

(—0.4d? + 0.6d) + (1.6u? — 0.4u) + (1.40v% — 0.6v)}.
Therefore, ~ max  {—a? — b + (=0.6¢% + 0.4c) + (—0.4d*> + 0.6d)} = —55/144 and
a,ceX1,b,de X2

min _ 1/2{3u® —u + 3v? — v} = 55/144. The minimum is attained at w = 1/3 and v = 3/4.
uGXl,'UEXQ

Thus, by Proposition 3.1, we know that (1/3,3/4) is a strong Nash equilibrium.

EXAMPLE 3.3 Consider the following game withn = 2, [ = {1,2}, X; = Xy = [-1,1], and

up(r) = 311 — 23 + 49,

ug(x) = —22 + 11 — 229.

It is obvious to see that the functions wu; are strictly concave over the convex and compact X,
1=1,2.
In this case, we have X = X; x X5 x (X7 x Xp). Letting § = (a,b,(c,d)) €

X; X X9 x (X7 X Xg2) and x = (u,v), we have a = min  maxf (z,y) =
(33 )\)EXXA yeX
min {[u1(a,v)—uq (u, v)]+[uz(u, b)—us(u, v)]+[A(ui (¢, d) —ui (u,v))+

AE[Ol]qu[ 11}abcd6[ 1,1]

. . _ . . _ . . 2
(1 = N)(uz2(e,d) — ua(u,v))]} u,vren[lfnl,l] )\IEH[(IJI’IH mbﬁrﬁg[)il’l]{[?)a 2004+ [—(1 =N+ (1 +

20)c] + [-Ad? +2(3X — 1)d] + [(1 — N)u? — 2(2 + A)u] + [M? + (4 — 6\)v]}.

Consider the function i : [0,1] — R defined by A — h(\) = min max {[3a —
u,v€[—1,1] a,b,c,de[—1,1]

20] 4 [— (1 =N+ (1420 ] + [~ A2+ 23N = D)d] + [(1 = N u® —2(24+N)u] + M + (4— 6 )v]}.
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Recall that @« = min A(\). min maxf (z,y) is attained at

A€(0,1] 2€X geX
a = 1,
u = 1,
b o= —1

142X :

_ ﬁ if0<A<1/4
1 if1/4<A<1
—1  ifo<A<1/4

d = Pl if1/4<A<1)/2
1 if1/2<A<1

~1  if0<A<1/2

v =
Rl if1/2< A< 1/2
We then have:
1622 —8)\+1 :
h(A) = 1L /4 < )\ < 1/2

SN f /9 < A< 1.

4,5 -
4 -
3,5 -
3 4
2,5 -
2 -
1,5 -
1
0.5 -

050 0,2 0,4 0,6 0,8 1 1,2

Figure 2: The graph of function i

Since o = /\m[in]h()\) = h(1/4) = 0 (see Figure 2.), by Theorem 3.2, the game has a strong
€[0,1

Nash equilibrium which is 7 = (u,v) = (1, —1).

REMARK 3.1 The strict concavity of functions u;, © € I, of Theorem 3.2 is not necessary for the

existence of SNE, because there are games not satisfying it and having a SNE.

EXAMPLE 3.4 Consider the following game withn = 2, I = {1,2}, X; = X3 = [0, 1], and

13



ui(z) = —a3 — 21 + 32,

ug(x) = 223 + 3x1 — 23 — 3x2.
It is obvious to see that the function us is not strictly concave over the convex X.

In this case, we have X = X; x X x (X; x X»). Letting § = (a,b,(c,d)) €

X1 x X9 x (X1 x X9) and z = (u,v), we have @ = min  max/f (z,y) =
(x,NEXXA GeX
min  min max  {[ui(a,v)—u(u,v)]+[uz(u, b)—ua(u, v)]+[A(ui (e, d)—ui (u, v))+

X€[0,1] u,we[—1,1] a,b,c,de[—1,1]

_ _ _ : : 2 32 . 2
(I=N(uz(e,d)—uz(w,0))]} = min | min  max | {[=e”—a=b"=3+[2-30)c"+
(B—4N) ]+ [—(1 = N)d? + (=3 +4N)d] + [(=1+3N)u? — (2 —4X\)u] + [(2— N)v? + (6 — 4\ )v] }.

Define h : [0,1] — R by
h(A) = u’vren[iinm] a,b,cr,illea[%l,l]{[_GQ —a—b - 3b] + (2 — 3)\)02 + (3 —4)\)(]
+[=(1 = N)d? + (=3 + 4N d] + [(—=1 + 3\)u? — (2 — 4\)y]
+[(2 = N)v? + (6 — 4\)v]}.

Recall that @« = min A(A). Then min maxf (z,y) is attained at

)\6[0,1} zeX yeX
5 - 07
g - 07
5 - 07
1 if0<A<7/10
~ 3—4\
¢ = 2(33-2) H7/10<A<3/4
L 0 if3/4<A<1
(0 if0 <\ <3/4
e =3
d = { =% if3/4<A<5/6
1 if5/6 <A<1
1 if0<A<2/5
o= 9 AEB if2/5<A<1/2
0 if1/2<A<1.
We then have:
9 if0<A<2/5
“BXHA6 if /5 <\ < 1/2
” 57\ if 1/2 <A <7/10
- 1622 —242+9 ]
1209 7/10 < A < 3/4
172099 f7/10 < A < 3/4
5\ —4 if3/4 <A< 1.
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2,56

1,5 4

0,5

-0,5 J

Figure 3: The graph of function h
Since @« = min h(\) = h(3/4) = 0 (see Figure 3.), by Proposition 3.1, the game has a strong

A€(0,1]
Nash equilibrium as 7 = (u, v) = (0, 0).

4 Applications

4.1 Economy with Multilateral Environmental Externalities

Consider a simple economy with multilateral externalities and n agents, indexed by ¢« € I =
{1,...,n}. A consumption good y; > 0 is produced from an input e; > 0. The technology
is described by a production function y; = g;(e;), and each agent’s preference is presented by
a quasilinear utility function u;(y;, z) = y; — v;(z) where v;(2) is i’s disutility function of the

externality given by z = > e;. We make the following assumption.
hel

Assumption 1. g;(e;) —v;(2) is strictly quasiconcave and differentiable over an interval _HI[O, ed].
1€

This model can be seen as an n-person noncooperative game where the i-th player chooses the

input e;. To do so, let
X;={e;cR,: 0<e; <el}

be the strategy set of each player ¢, and
Xs={(ei)ies: 0<e; <e, i€ S}

be the space of joint strategies of players in S € . Let X denote the space of joint strategies of all
players, i.e., X = X7. For a strategy profile [(e1, ..., e,,)] € X, we choose u;(yi, 2) = y; — vi(2)

with z = > e; as the payoff for player i. Let u = (u, ..., u,,). We have defined a noncooperative
i€l
game:

G={(,X,u). 4.1)
We then have the following result.

15



PROPOSITION 4.1 Suppose Assumption 1 is satisfied. Let

B(A) =min ~ max ZZAJ s{lgj(d;) — gj(e;)] — [vj(ds + e—s) — v;(e)]},

GEX d I3 H
(ds SeJE SE\UES

whereds +e_g= > dj+ > ejande =) e;.
jes je=S Jel
Then, the game (4.1) possesses at least one strong Nash equilibrium if and only if there exists

X* € A such that B(\*) = 0.
PROOF. It is the same as the proof of Theorem 3.2. m

Consider e € X, a coalition S € < and the subgame Gg(e) = (5, Xg,u;(.,e—s)jes)-
According to Lemma 2.1, € € X is a strong Nash equilibrium of the game (4.1) if and only if
eg € Xg is weakly Pareto efficient for the subgame Gg(€). By Lemma 3.3, és € Xg is weakly

Pareto efficient for the subgame G g(€) if and only if there exists Ag € Ag such that

sup Y Nisloi(di) —vilds +2-5)] = > Nislgi(@) — vi(@)]

ds€Xs;cq icS
whereds +e_g= > d;j+ ) €jande= ) e;.
jeS je—-S jeI
To characterize weak Pareto efficiency for the subgame G g(e), we get the first order conditions
]ng Z)\h Svh Zd + Z , JES, Ag € Ag. 4.2)
heS i€S 1€—=S

Consider two coalitions Sp, So € & and player j such that j € S; N Ss. Then, (4.2) implies:

(1) Mg, g;(d}) = 3 Ansyvp (X di+ 3 e, As, € Ag,.

hesSy 1€51 1€—S51 (43)
(2) Njsug;(d2) = 32 Mns,vp( S d2+ 30 €), As, € As,.
heSs 1€S2 1€—S2

For a solution of the equation (1)-(2) in system (4.3), dj is not necessarily equal to d?. This means
that for e € X to be a strong Nash equilibrium, it is necessary that d]l = d? =..= d? = ej, for

each j € S NSy N ...N Sk. From this analysis we deduce the following assumption.
Assumption 2. There exist A\ € A and e € X such that

Aj, ng e;) Z)\h gvh Zel Vjies vses 4.4)
hes el

Then, Theorem 3.1 can be reformulated as follows.

COROLLARY 4.1 Suppose Assumptions 1 and 2 are satisfied. > Then, the game (4.1) possesses

at least one strong Nash equilibrium.

>The solutions of the following system are within the set [] [0,¢9], j € S and As € Ag:

i€S
ngj e] g )\hSUh § e’L

hes iel
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EXAMPLE 4.1 Let us consider in the game (4.1) I = {1,2,...,n}, = (z1,...,2,) € =

(e1,...,e,) and

gi(ei) = ai, ui(yi, 2) = yi — vi(2)
with v;(2) = 22 — bz + ¢, a;,b > 0 and ¢ > 0.

It’s clear that the Assumption 1 is satisfied. We prove now that the Assumption 2 is also satisfied.
Consider A € A and € € X defined as follows:

1 b
)\i,S:% VSE%andz_;ei_z'

Let S € <, then we have

gilej) =0,  VjeS
v;»(z) =22-0b, VjeS.
Thus, (4.4) becomes 2z — b = 0, Vj € S. Therefore, each e € X such that > e; = % is a strong

el
Nash equilibrium.

DEFINITION 4.1 (Chander and Tulkens [1997]): For the game (4.1), the joint strategy e is a

strong Nash equilibrium if for all S € &

€s maximizes Zgi(ei) + vi(2)

€S
0 if S=1
h =
Werez—ki;gel Y if S£L
€e—S

This definition (Definition 4.1) is a particular case of the Definition 2.1. Indeed, let
e be a strong Nash equilibrium. Then, €g is weakly Pareto efficient for the sub-game
(S, Xs,uj(.,e—g)jes), forall S € . By Lemma 2.1, € is a strong Nash equilibrium in the

sense of Definition 2.1.

REMARK 4.1 Chander and Tulkens [1997] showed that, for the game (4.1) there does not exist
a strong Nash equilibrium. The assumptions underlying these results are not sufficient for the

non-existence of a strong Nash equilibrium (See the following Example).

EXAMPLE 4.2 Assume that in game (4.1) n = 2 and I = {1,2}, x = (z1,22) and e = (eq, e2).
Let

80 €1, ifo<e <1 86 €9, if0<ey <1
gilen) = { Ve o) ={ Ve
80, if 1 <eq, 86, if 1 < e,
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uy(z1,2) = 1 — v1(2) with vy (z) = 2% — 3z,

ua(x2, 2) = T2 — v2(2) with vy (2) = 22 — 22.

It is easy to show that all of Chander and Tulkens’s conditions are satisfied. But, the strategy

profile (1, 1) is a strong Nash equilibrium for the game (4.1).

4.2 Simple Oligopoly Static Model

This subsection is dedicated to examining a simple oligopoly model. We first recall the Cournot
model in which the firms are quantity choosers producing a homogeneous good.

Let p be the market price of a perfectly homogeneous good produced by the n firms of an
industry, g; be the sales of the i-th firm, ¢ = (q1,...,¢n), and let QQ = Z?:l q; be the total sales
in the market. The inverse demand function is p = F'(Q). The cost for the i-th firm is given by
C(gi). The profit of the i-th firm is then given by ¥;(¢) = ¢; F(Q) — Ci(q;).

We make the following assumptions.

Assumption 3. F(Q) and C;(g;) are continuous and nonnegative on @ € [0,+0o0) and ¢; €

[0, +00), respectively.

Assumption 4. There exists g; > 0,7 = 1, ..., n such that ¢;(q) is strictly concave over II [0, ;].

i€l
Let X; = [0,g], X = 'HI[O,@], Xs = HS[O,GZ»], for each S € & and we write ¢ =
1€ 1€
(¢1, ..., ), we have defined a noncooperative game
G=(I,X,v). 4.5)

PROPOSITION 4.2 Suppose that Assumptions 3 and 4 are satisfied. Let

~v(A) = min max ZZ)\j,S{wj(TS7 q-s) — ¥i(q)]}-

exX Se¥)e 11 X
9€X (rs, ed)eses 5 Sesjes

Then, the game (4.5) possesses at least one strong Nash equilibrium if and only if there exists

A* € A such that y(A\*) = 0.
PROOF. It is the same as the proof of Theorem 3.2. m
We make the following assumption.

Assumption 5. There exist A € A and ¢ € X such that

NsCila;) = XNsFO a) + F (O ai)Y Ansan, Vi €8, VS € 3. (4.6)
i€l i€l hes
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COROLLARY 4.2 Suppose Assumptions 3,4 and 5 are satisfied. ® Then, the game (4.5) possesses

at least one strong Nash equilibrium.

EXAMPLE 4.3 Consider a game with I = {1,2}, ¢ = (q1, ¢2) and

F(Q) =aQ? —bQ + ¢, Ci(q;) = 0;q? fori = 1,2
with b2 — 4ac < 0 and a, b, 6; > 0fori = 1,2.

Suppose that

¥1(q1,q2) = aq} + (2aqa — b — 01)q3 + (ag3 — bga + ¢)q1
Vo(q1,q2) = ags + (2aq1 — b — 02)q5 + (ag? — bq1 + ¢)q2

are strictly concave over 'HI[O, q;l-
1€

If (4ac — 62)(% + é) = 4b, then there exists § = (4‘;3‘;;11’2, 4%352132) such that Assumption 5
holds. Indeed, let A = (1,1,(3,3)) € A, Gy = %552 and G, = %9552 then G, + 7, = . i.e.
F'(g) =0.

The system (4.6) implies

(1) 261qy = F(q) + @1 F ()

(2) 2629, = F(q) + G, F () 47

(3) 0= 3[-201qy + F(@) + & F (@] + 5%F (@)

(4) 0= 3[-2653, + F(@) + %F @] + 50 F (@)
Since F' () = 0, then system (4.8) becomes:

_ _ K2

(1) 2601, = 252

(2) 2605g, = dac=t’ (4.8)
Thus, g, = 4‘8‘2552 and g, = 4%2552 such that F'(g;,G,) = 0. This condition is equivalent to
(4ac — bQ)(% + %) = 4b. Therefore, §; = 4‘;‘;51(’2 and gy = 4‘;25;’2 is a strong Nash equilibrium.

SThe solutions of the following system are within the set ] [0,¢9], j € S and As € Ag:
i€S
X,sC5(g5) = NisFOO a) + F/(Zqi)z)‘h,sqiw

iel iel hes
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5 Conclusion

In this paper, we studied the existence of strong Nash equilibria in general games. We proposed
sufficient conditions (given by Theorem 3.1 and Proposition 3.1) for the existence of strong Nash
equilibria. We also characterized the existence of strong Nash equilibria by providing a necessary
and sufficient condition (Theorem 3.2). Our results would be useful for solving theoretical and

practical problems from various domains.
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